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Domain wall, wormhole, particlelike, and cosmic string general relativistic solutions supported
by two interacting phantom or ordinary scalar fields with 4th-, 6th-, and 8th-order potentials are
studied. Numerical calculations indicate that regular finite energy solutions exist only for specific
values of two free parameters of the potentials. By solving nonlinear eigenvalue problems for some
fixed sets of values of the free parameters and of boundary conditions, it is shown that the presence
or absence of the solutions depends on a particular symmetry of the problem, on the type of the
scalar fields (ordinary or phantom), and on the form of the potential.
I. INTRODUCTION
In recent years interest in obtaining solutions with various scalar fields has grown considerably, primarily because
of the discovery of the accelerated expansion of the present Universe. It is now widely believed that such acceleration
is caused by the presence of a special form of matter – dark energy, whose key feature is that it violates various energy
conditions.
In the most extreme case, the violation of the so-called null energy condition can occur. In hydrodynamical language,
this corresponds to the fact that the effective pressure of matter filling the Universe, p, is negative, and its modulus is
greater than the energy density ε, i.e. p < −ε. Such a substance is referred to as exotic matter. As a model of exotic
matter, one can consider phantom (or ghost) scalar fields, i.e., fields with the opposite sign in front of the kinetic
term of the scalar field Lagrangian density. Such fields are widely used both in describing the current accelerated
expansion of the Universe [1] and in modelling various localized objects (see below). The possible existence of phantom
scalar fields in nature is indirectly supported by the observed accelerated expansion of the present Universe (see, e.g.,
Refs. [2, 3], from which one may conclude that to explain the recent observational data one should take exotic matter
into consideration).
In the present paper we consider regular solutions to Einstein’s gravitational equations supported by two ordinary or
phantom scalar fields. In Ref. [4], we have obtained plane symmetric (domain walls), spherically symmetric (wormholes
and phantom balls), and cylindrically symmetric (cosmic strings) solutions supported by two interacting phantom
scalar fields with a 4th-order potential. Here we extend those results and study the possibility of obtaining such
solutions with 6th- and 8th-order potential terms. Also, we compare the obtained results with those found earlier for
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2the 4th-order potential of Ref. [4].
The aforementioned configurations are well known in the bulk of literature. Cosmic strings are extended objects that
could be formed in the early Universe under phase transitions associated with spontaneous symmetry breaking [5, 6].
In their modelling various types of scalar fields are employed [7, 8], including two interacting scalar fields [9, 10].
Another category of extended objects are plane symmetric domain walls, which are topological defects that arise in
both particle physics and cosmology [6, 11]. In particular, domain wall solutions may exist in theories where a scalar
field potential has isolated minima, and a domain wall is a surface that separates those minima [12]. In such a case
a scalar field changes over space and tends asymptotically to two different minima. The region where the scalar field
changes rapidly corresponds to the domain wall. In the thin-wall approximation, the change in the scalar field energy
density is localized on the surface of the domain wall, and it is replaced by a delta function [13]. In the case where all
fields are constant on each side of the wall, i.e., when they are at the potential minimum, the domain walls are called
vacuum domain walls.
Finally, one can consider a situation where scalar fields are localized on relatively small scales comparable to the
sizes of stars. In this case, they may create spherically symmetric configurations possessing both trivial and nontrivial
spacetime topologies. As an example of systems with a trivial topology, one can consider boson stars consisting of
various ordinary scalar fields [14, 15]. In turn, the use of phantom scalar fields permits obtaining solutions of the
Einstein-matter equations describing configurations both with a trivial [16] and a nontrivial wormholelike topology
(for a recent review on the subject, see, e.g., Ref. [17]), including configurations supported by complex ghost scalar
fields [18].
In this paper, we consider all four types of configurations (domain walls, particlelike systems, wormholes, and cosmic
strings) constructed from two interacting phantom or ordinary scalar fields with higher-order potentials. Systems with
two ordinary scalar fields are well known from quantum field theory [19]. In the presence of a gravitational field, such
systems were also repeatedly considered in the cosmological and astrophysical contexts [20]. In our previous papers we
have obtained a number of solutions with two scalar fields (both ordinary and phantom ones) which can be used both
in describing astrophysical objects and when considering cosmological problems: regular spherically and cylindrically
symmetric solutions [10, 21, 22]; cosmological solutions [23, 24]; thick brane solutions supported by ordinary and
phantom scalar fields [25]. In the present paper we proceed with research in this direction by considering scalar fields
with different potentials.
II. GENERAL EQUATIONS
We consider compact gravitating configurations consisting of two real scalar fields φ and χ. The modeling is carried
out within the framework of Einstein’s general relativity. The corresponding Lagrangian of the system is (hereafter,
we work in units where c = ~ = 1)
L = − R
16πG
+ ǫ
[
1
2
∂µφ∂
µφ+
1
2
∂µχ∂
µχ− V (φ, χ)
]
, (1)
where R is the scalar curvature, G – the Newtonian gravitational constant, µ, ν = 0, 1, 2, 3, and ǫ = +1 or −1
corresponds to ordinary or phantom fields, respectively. Using this Lagrangian, the gravitational and scalar field
equations can be written in the form:
Rki −
1
2
δki R = κT
k
i , (2)
1√−g
∂
∂xi
[√−ggik ∂(φ, χ)
∂xk
]
= − ∂V
∂(φ, χ)
, (3)
where κ = 8πG. In the present paper we assume that the interacting scalar fields have a potential in one of the forms:
V (φ, χ) =
λ1
4
(φ2 −m21)2 +
λ2
4
(χ2 −m22)2 + φ2χ2 − V0, (4)
V (φ, χ) =
λ1
2
φ2(φ2 −m21)2 +
λ2
2
χ4(χ2 −m22)2 +
1
2
φ2χ2 − V0, (5)
V (φ, χ) =
λ1
4
φ4(φ2 −m21)2 +
λ2
2
χ4(χ2 −m22)2 +
1
2
φ2χ2 − V0. (6)
Here, m1 and m2 are some free parameters, λ1 and λ2 – self-interaction constants, and V0 – a constant whose value
can be chosen from the statement of the problem.
3FIG. 1: Phantom domain wall: profiles of the phantom (ǫ = −1) scalar fields φ(x), χ(x), the metric function a′(x)/a(x), and
the energy density T 00 (x) are shown. The curve 1 corresponds to the 4th-order potential (4), the curve 2 – to the 6th-order
potential (5), the curve 3 – to the 8th-order potential (6). The labeling of the curves is also valid for all other figures presented
below.
The corresponding energy-momentum tensor entering the right-hand side of Eq. (2) is
T νµ = ǫ
{
∂µφ∂
νφ+ ∂µχ∂
νχ− δνµ
[
1
2
∂ρφ∂
ρφ+
1
2
∂ρχ∂
ρχ− V (φ, χ)
]}
. (7)
III. DOMAIN WALLS
In considering plane symmetric domain walls solutions, we choose the metric in the form:
ds2 = a2(x)(dt2 − dy2 − dz2)− dx2, (8)
where x, y, z are Cartesian coordinates. Then Eqs. (2)-(7) yield
3
(
a′
a
)2
= −ǫ
[
−1
2
(
φ′2 + χ′2
)
+ V
]
, (9)
a′′
a
−
(
a′
a
)2
= − ǫ
2
(
φ′2 + χ′2
)
, (10)
φ′′ + 3
a′
a
φ′ = φ
[
2χ2 + λ1(φ
2 −m21)
]
, (11)
χ′′ + 3
a′
a
χ′ = χ
[
2φ2 + λ2(χ
2 −m22)
]
, (12)
where Eqs. (9) and (10) are the
(
1
1
)
and
[(
0
0
)
−
(
1
1
)]
components of the Einstein equations, respectively, and the prime
denotes differentiation with respect to x. The results of numerical calculations for the phantom (ǫ = −1) and ordinary
4FIG. 2: Ordinary domain wall: profiles of the ordinary (ǫ = +1) scalar fields φ(x), χ(x), the metric function a′(x)/a(x), and
the energy density T 00 (x) are shown.
(ǫ = +1) scalar fields are shown in Figs. 1 and 2, respectively. The corresponding eigenvalues of the parameters m1,2
for the potentials (4)-(6) and ǫ = ±1 are given in Table I.
# Potentials ǫ m1 m2
1 4th-order -1 1.77426601 1.80400455
2 6th-order -1 1.30901092 1.73766048
3 8th-order -1 1.4251234264 1.7965336329
4 4th-order +1 2.05880064139 1.720175382122
5 6th-order +1 1.42405708294 1.61615084819
6 8th-order +1 no solution no solution
TABLE I: Eigenvalues of the parameters m1,m2 for the phantom/ordinary domain wall solutions with the 4th-, 6th-, and
8th-order potentials (4)-(6). The boundary conditions at the center x = 0 are φ0 = 1, χ0 = 0.7, a0 = 1, φ
′
0 = χ
′
0 = a
′
0 = 0. The
values of the free parameters λ1 = 0.15, λ2 = 1.1.
IV. PHANTOM BALLS
Let us now consider particlelike solutions supported by phantom fields. For this case, we choose the spherically
symmetric line element in Schwarzschild coordinates
ds2 = B(r)dt2 −A(r)dr2 − r2(dθ2 + sin2 θdϕ2), (13)
5FIG. 3: Phantom ball: profiles of the scalar fields φ(r), χ(r), the metric functions A(r),B(r), and the energy density T 00 (r)
are shown.
where r, θ, ϕ are spherical coordinates. The Einstein and scalar field equations (2) and (3) together with Eq. (7) give
for the phantom case
1
r
A′
A2
+
1
r2
(
1− 1
A
)
= − 1
2A
(
φ′2 + χ′2
)
− V (φ, χ), (14)
1
r
B′
AB
− 1
r2
(
1− 1
A
)
= − 1
2A
(
φ′2 + χ′2
)
+ V (φ, χ), (15)
B′′
B
− 1
2
(
B′
B
)2
− 1
2
A′
A
B′
B
− 1
r
(
A′
A
− B
′
B
)
= 2A
[
1
2A
(
φ′2 + χ′2
)
+ V (φ, χ)
]
, (16)
6φ′′ +
(
2
r
+
B′
2B
− A
′
2A
)
φ′ = Aφ
[
2χ2 + λ1(φ
2 −m21)
]
, (17)
χ′′ +
(
2
r
+
B′
2B
− A
′
2A
)
χ′ = Aχ
[
2φ2 + λ2(χ
2 −m22)
]
, (18)
where the prime denotes differentiation with respect to r. These equations describe spherically symmetric objects that
can be called phantom balls [4]. The results of numerical calculations are shown in Fig. 3. Notice that the solutions
for the 6th- and 8th-order potentials are practically coincide. Table II shows the eigenvalues of the parameters m1,2
for the potentials (4)-(6).
# Potentials m1 m2
1 4th-order 1.54248223 1.89958804
2 6th-order 1.04506272 4.1962616
3 8th-order 1.050035 4.2023521
TABLE II: Eigenvalues of the parametersm1, m2 for the phantom ball solutions with the 4th-, 6th-, and 8th-order potentials (4)-
(6). The boundary conditions at the center r = 0 are φ0 = 1, χ0 = 0.7, A0 = 1, B0 = 1, φ
′
0 = χ
′
0 = B
′
0 = 0. The values of the
free parameters λ1 = 0.15, λ2 = 1.1.
In the case of ordinary (ǫ = +1) scalar fields and for the values of the parameters φ0 = 1, χ0 = 0.7, λ1 = 0.15, λ2 =
1.1, we did not find solutions with the potentials (4)-(6).
V. WORMHOLE SOLUTIONS
Here, it is convenient to choose the metric in polar Gaussian coordinates
ds2 = B(r)dt2 − dr2 −A(r)(dθ2 + sin2 θdϕ2), (19)
where r, θ, ϕ are spherical coordinates. Then one derives the following set of Einstein’s and scalar field equations
describing a traversable wormhole supported by the phantom fields φ, χ:
A′′
A
− 1
2
(
A′
A
)2
− 1
2
A′
A
B′
B
= φ′2 + χ′2 , (20)
A′′
A
+
1
2
A′
A
B′
B
− 1
2
(
A′
A
)2
− 1
2
(
B′
B
)2
+
B′′
B
= 2
[
1
2
(φ′2 + χ′2) + V
]
, (21)
1
4
(
A′
A
)2
− 1
A
+
1
2
A′
A
B′
B
= −1
2
(φ′2 + χ′2) + V, (22)
φ′′ +
(
A′
A
+
1
2
B′
B
)
φ′ = φ
[
2χ2 + λ1(φ
2 −m21)
]
, (23)
χ′′ +
(
A′
A
+
1
2
B′
B
)
χ′ = χ
[
2φ2 + λ2(χ
2 −m22)
]
, (24)
where the prime denotes differentiation with respect to r. The results of numerical calculations are shown in Fig. 4
for the eigenvalues of the parameters m1,2 given in Table III.
# Potentials m1 m2
1 4th-order 1.82729811 1.7869422825
2 6th-order 1.32067169 1.7205753
3 8th-order 1.45731329 1.7806672
TABLE III: Eigenvalues of the parameters m1,m2 for the wormhole solutions with the 4th-, 6th-, and 8th-order potentials (4)-
(6). The boundary conditions at the throat r = 0 are φ0 = 1, χ0 = 0.7, A0 = −1/V (φ0, χ0) , B0 = 1, φ
′
0 = χ
′
0 = A
′
0 = B
′
0 = 0.
The values of the free parameters λ1 = 0.15, λ2 = 1.1.
7FIG. 4: Traversable wormhole: profiles of the phantom scalar fields φ(r), χ(r), the metric functions A(r),B(r), and the energy
density T 00 (r) are shown.
VI. COSMIC STRINGS
In describing such cylindrically symmetric objects, we use the metric
ds2 = e2ν(ρ)dt2 − e2(γ(ρ)−ψ(ρ))dρ2 − e2ψ(ρ)dz2 − ρ2e−2ψ(ρ)dϕ2, (25)
8FIG. 5: Phantom cosmic string: profiles of the scalar fields φ(ρ), χ(ρ), the metric functions γ(ρ), ψ(ρ), and the energy density
T 00 (ρ) are shown.
where ρ, z, ϕ are cylindrical coordinates. In this case, one has the following Einstein and phantom scalar field equations:
γ′
ρ
− ψ′2 = −κ
(
1
2
φ′
2
+
1
2
χ′
2
+ e2(γ−ψ)V (φ, χ)
)
, (26)
ν′ + ψ′
ρ
− ψ′2 = −κ
(
1
2
φ′
2
+
1
2
χ′
2 − e2(γ−ψ)V (φ, χ)
)
, (27)
ψ′′ − ν′′ − ψ′γ′ + ν′γ′ − ν′2 + ψ
′ + γ′ − ν′
ρ
= κ
(
−1
2
φ′
2 − 1
2
χ′
2 − e2(γ−ψ)V (φ, χ)
)
, (28)
−ψ′′ − ν′′ + ψ′γ′ + ν′γ′ − 2ψ′2 − 2ψ′ν′ − ν′2 = κ
(
−1
2
φ′
2 − 1
2
χ′
2 − e2(γ−ψ)V (φ, χ)
)
, (29)
9φ′′ + φ′
(
1
ρ
− γ′ + ψ′ + ν′
)
= e2(γ−ψ)φ
[
2χ2 + λ1
(
φ2 −m21
)]
, (30)
χ′′ + χ′
(
1
ρ
− γ′ + ψ′ + ν′
)
= e2(γ−ψ)χ
[
2φ2 + λ2
(
χ2 −m22
)]
. (31)
To simplify them, let us make an additional assumption that two of the metric functions are equal, i.e., ν = ψ. After
some algebraic manipulations and performing the rescaling ρ/
√
κ → ρ, φ√κ → φ, χ√κ → χ, and m1,2
√
κ → m1,2,
we get the following equations for the metric functions γ(ρ), ψ(ρ) and the phantom (ǫ = −1) scalar fields φ(ρ), χ(ρ):
γ′
ρ
− ψ′2 = −
(
1
2
φ′
2
+
1
2
χ′
2
+ e2(γ−ψ)V (φ, χ)
)
, (32)
2
ψ′
ρ
− ψ′2 = −
(
1
2
φ′
2
+
1
2
χ′
2 − e2(γ−ψ)V (φ, χ)
)
, (33)
ψ′′ +
ψ′
ρ
= e2(γ−ψ) (1− 2ρψ′)V (φ, χ), (34)
φ′′ + φ′
(
1
ρ
− γ′ + 2ψ′
)
= e2(γ−ψ)φ
[
2χ2 + λ1
(
φ2 −m21
)]
, (35)
χ′′ + χ′
(
1
ρ
− γ′ + 2ψ′
)
= e2(γ−ψ)χ
[
2φ2 + λ2
(
χ2 −m22
)]
, (36)
where the prime denotes differentiation with respect to the rescaled radial coordinate ρ.
The results of numerical calculations are shown in Fig. 5 for the eigenvalues of the parametersm1,2 given in Table IV.
It is seen that the profiles for χ and for the energy densities of the 6th- and 8th-order potential cases are practically
coincide.
# Potentials m1 m2
1 4th-order no solution no solution
2 6th-order 1.154579476 2.30250731
3 8th-order 1.1926167892 2.32316842475
TABLE IV: Eigenvalues of the parameters m1,m2 for the phantom cosmic string solutions with the 6th- and 8th-order poten-
tials (5) and (6). The boundary conditions at ρ = 0 are φ0 = 1, χ0 = 0.7, ψ0 = γ0 = φ
′
0 = χ
′
0 = ψ
′
0 = 0. The values of the free
parameters λ1 = 0.15, λ2 = 1.1.
In the case of ordinary (ǫ = +1) scalar fields and for the values of the parameters φ0 = 1, χ0 = 0.7, λ1 = 0.15, λ2 =
1.1, we did not find solutions with the potentials (4)-(6).
Summarizing the results, we have obtained plane, cylindrically, and spherically (particlelike and wormhole) sym-
metric static general relativistic solutions supported by two interacting phantom/ordinary scalar fields with 4th-, 6th-,
and 8th-order potentials of the form (4)-(6). All the solutions have been obtained numerically for the fixed central
values of the scalar fields φ0 = 1, χ0 = 0.7 and for the free parameters λ1 = 0.15, λ2 = 1.1. In doing so, we have
solved nonlinear eigenvalue problems for the parameters m1,m2. It was shown that solutions may exist (or not exist)
depending on a particular symmetry of the problem, on the type of the scalar fields (ordinary or phantom), and on
the form of the potential.
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